We discuss the behaviour of the Calogero model for a special value of the constant of interaction/statistical parameter ν. The problem with finite number of Calogero particles is analyzed in the algebraic approach, while collectivefield theory has been used to investigate the large-N limit. For ν = −1/N , system reduces to a large number of collapsing (free) particles. PACS number(s): 03.65.Fd, 03.65.Sq, 05.30.Pr The (rational) Calogero [1] model describes N identical particles which interact through an inverse-square two-body interaction and are subjected to a common confining harmonic force. The inverse-square potential can be regarded as a pure statistical interaction [2] and the model maps to an ideal gas of particles obeying fractional statistics. In one dimension, the usual notion of exchange statistics is not well defined because the exchange necessarily involves scattering [3] , but instead one can apply Haldane's definition of exclusion statistics [4] .
for general N. The two-body case with negative ν was discussed in Ref [9] . In all previously mentioned investigations of the model properties it was assumed that the parameter ν was positive.
The Calogero model is defined by the following Hamiltonian:
where ν(ν − 1) ≥ −1/4 is the dimensionless coupling constant and ω is the strength of a harmonic confinement potential. In the following we seth = m = ω = 1, for simplicity. The ground-state wave function is, up to normalization,
where θ(x 1 , . . . , x N ) = N i<j (x i − x j ) ν , with the corresponding ground-state energy E 0 = N[1 + (N − 1)ν]/2. One can introduce the following analogs of creation and annihilation operators [10] :
where
are Dunkl derivatives. The elementary generators K ij of the symmetry group S N exchange labels i and j:
and we choose K ij |0 = |0 . One can easily check that the commutators of creation and annihilation operators (3) are
By performing a similarity transformation of the Hamiltonian (1), we obtain the reduced Hamiltonian
when restricted to symmetric functions and acting as a total number operator. The physical space of N identical bosons is a space of totally symmetric functions (for N identical fermions one chooses a space of totally antisymmetric functions).
Let us now investigate the condition under which the states in the complete Fock space have positive norm. To this end, we calculate the general matrix element of the Gram matrix [11] for one-particle excited states
where we have used the fact that a i |0 = 0 and 0|0 = 1. There is only one nondegenerate eigenvalue λ One can show that for two-, three-and many-particle states the same condition for positivity of eigenvalues, i. e., ν > −1/N, is required [12] . There exists the universal critical point at ν = −1/N, where all matrix elements of the arbitrary k-multi-state matrix are equal to k!/N k . Namely, for one-particle states, 0|a i a † j |0 = 1/N at the critical point ν = −1/N. For two-particle excited states, we obtain
since 0|A i,j |0 = 1/N and 0|a i 2 A i 1 ,j 1 a † j 2 |0 = 1/N 2 at the critical point. It can be shown by induction that the general matrix element at ν = −1/N is given by
If ν > −1/N, the diagonal matrix elements satisfy the inequality
which ensures the positivity condition.
What is the interpretation of these results? For ν > −1/N, we see that all k-states have positive norm. The corresponding Gram matrix of order N k shows N independent ν-deformed oscillators which can be mapped to N bosons and vice versa [12] . However, at the critical point there is only one state for any k with the eigenvalue k! > 0. All other (2) . Namely, the wave function of the ground state contains the Jastrow factor, i. e. the product of all relative coordinates with ν as a power. Consequently, the wave functions diverge for the negative value of ν. However, they are normalizable for ν > −1/N, as can be easily seen from the behaviour near the origin. For the special value ν = −1/N, the normalizability of the wave function is lost, which is sufficient criterion to conclude on the collapse of matter. Also, we can calculate the probability of finding the system at the centre of mass. When we change ν from zero to critical point −1/N this probability increases and finally, at critical point, it becomes one. The system collapses to the centre-of-mass coordinate. Our results are in agreement with the N = 2 case discussed in Ref [9] , and is novel for general N.
Starting from the symmetric Fock space and the algebra of S N -symmetric observables in the Calogero model, one can construct the mapping to free Bose oscillators (and vice versa) for ν > −1/N [13] . Then it immediately follows that the partition function is
However, at the collapse point all observables disappear, leaving only the centre-of-mass coordinate, so the partition function reduces to the partition function of a single oscillator Z crit = exp (β/2)/(1 − exp (−β)).
In order to check the consistency and further elucidate our physical picture of the behaviour of the system at the critical point, we now turn to the case of infinite number of particles. Let us consider the large−N Calogero model in the Hamiltonian collective-field approach [14] based on the 1/N expansion. It has been shown that in the large−N limit the Hamiltonian can be expressed entirely in terms of density of particles ρ(x) and its canonical conjugate π(x) = −iδ/δρ(x). The Jacobian J of the transformation from x i into ρ(x) rescales the wave functional
resulting in the hermitian collective-field Hamiltonian
and the Jacobian determined from the hermicity condition
The first term in the collective Hamiltonian (9), quadratic in the conjugate momentum π(x), represents the kinetic energy of the problem. To find the ground-state energy of our system, we assume that the corresponding collective-field configuration is static and has a vanishing momentum π. Therefore, the leading part of the collective-field Hamiltonian in the 1/N expansion is given by the effective potential
This can be rewritten as a complete square, up to the numerical constant (the ground-state energy):
The first term in (12) is positive semidefinite, and, therefore, its contribution to the ground-state energy vanishes if there exists a positive solution of the first-order differential Bogomol'nyi-type equation:
What happens at the critical value ν = −1/N? Since the collective field obeys the normalization condition dxρ(x) = N, it is legitimate to rescale ρ(x) = Nρ(x). Rewriting Eq. (13) for the rescaled collective fieldρ(x), we obtain in the leading approximation in 1/N, at the critical point:
Having in mind the identity for the singular distribution [15] :
where P denotes the principal distribution, it is evident that the normalizable solution of Eq. (14) is given by the δ-function,ρ(x) = δ(x). All particles are concentrated around the origin with density given by
The corresponding ground-state energy reduces to E 0 = 1/2, i. e., to the ground state of the single harmonic oscillator. Let us briefly summarize the main findings of the collective-field approach. We confirm the existence of the critical point ν = −1/N found by the exact algebraic approach valid for any N. Also, we observe the collapse of the system accompanied by the simultaneous emerging of a single free oscillator.
As far as the statistical aspect of the Calogero model is concerned, we observe that there are basically three different types of behaviour at the interaction point g = ν(ν − 1) = 0, which is a consequence of the singular Calogero interaction. In the case of ν = 0, we have free (in the harmonic well) bosons with energy N/2, and for ν = 1, we have free (in the harmonic well) fermions with ground-state energy N 2 /2. The critical point ν = −1/N in the limit of large N also leads to g = 0, with energy 1/2. The total statistical phase under the particle interchange at the critical point is (see Eq. (2))
For odd N, it always includes fermionic-like statistics, at least immediately before the collapse. At the critical point all these fermions are confined due to the statistical Calogero interaction with strenght ν(ν − 1) = (1 + N)/N 2 and transmute to the single harmonic oscillator. This can be regarded as a toy model of realistic quark confinement in hadrons. Even though the standard condition g ≥ −1/4 is satisfied, the system collapses at our critical point. We stress that the above results have pure nonperturbative origin owing to the singular Calogero potential, and naive perturbative reasoning cannot be applied.
The "collapse" statistics is a universal feature of a large class of permutation-invariant algebras [12] , which can be written as
When all ν ij go to the critical point −1/N, only a single q-deformed oscillator, representing the centre of mass, survives. It gives us a new and interesting form of matter, with unusual statistical properties. We hope that these ideas might be applied to problems like black-hole physics, extremaly dense matter, anyons, and confinement.
